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INTRODUCTION



PROGRAM OF DAY 1

• 13:00 - 15:00: Theoretical session 1 

- Theoretical background on stochastic processes 

- Gillespie algorithm 

• 15:00 - 15:20: Break 

• 15:20 - 17:00: Practical session 1 

- Implementation of the Gillespie algorithm and exercises



PROGRAM OF DAY 2

• 14:00 - 16:00: Theoretical session 2 

- Lewis’ thinning algorithm 

- -leaping algorithm 

• 16:00 - 16:20: Break 

• 16:20 - 18:00: Practical session 2 

- Implementation of the -leaping algorithm and exercises

τ

τ



OVERVIEW OF THE ALGORITHMS TO BE STUDIED

• Gillespie algorithm (continuous-time simulation): 
 
a standard method used to simulate continuous-time Markov chains with 
constant rates. This algorithm  generates exact realisations of the system 
dynamics



• Lewis’ thinning algorithm: 
 
a modified version of the Gillespie algorithm suitable for systems with time-
dependent rates.
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• -leaping algorithm: 
 
an approximate method based on the Gillespie algorithm. This algorithm 
works in discrete-time and allows for a more efficient simulation in larger 
systems.

τ



PRACTICAL SESSIONS

• A worksheet with exercises will be uploaded to the workshop event website.

• Results will be shown at the end of the session.

• We will use Python for our explanations.



THEORETICAL BACKGROUND



DETERMINISTIC VS STOCHASTIC PROCESSES



• Deterministic systems:  

- No randomness is involved. 

- Each realisation is the same (i.e., each run gives the same output). 

- Typically described by an ODE system.

0

S(0)

0

R
∞

susceptibles S(t)

recovereds R(t)

infecteds I(t)

time

<latexit sha1_base64="yhGdvtgS13ASzX+ZiEfp5UAshuM="></latexit>

dS

dt
= ⇤� �SI � �SS

dI

dt
= �SI � �II � rI

dR

dt
= rI � �RR

deterministic ODE system



• Stochastic systems:  

- Randomness cannot be ignored 

- Each realisation is different (i.e., each run gives a different output). 

- Their description depends on the type of stochasticity.

Brownian motion Bitcoin evolution



• Randomness can be present extrinsically (i.e., given by external factors). 

- Example: environmental fluctuations such as variations in temperature, 
pressure, drug concentrations, etc.

Ornstein-Uhlenbeck process

<latexit sha1_base64="gb206do4Bp//RzNE7erOw7UUwUQ="></latexit>

d�

dt
= ✓(m� �) + s ⌘(t)

noisedeterministic approach

Can be simulated using the  

Euler-Maruyama algorithm



• Randomness can be present intrinsically, i.e., randomness is an inherent 
property of the system. 

- Example: mutations, cell duplication, cell death, etc.

we will focus on a particular case:  
branching processes

<latexit sha1_base64="5uTnS0Gm6vB92RsS1TKu+dw7bWo=">AAACQXicbVFNS8NAEN3Ur/pd9aiHxSJ4KomIiqeiF48VrAptKZvN1CzdbMLuRAyhF3+NV/0L/gp/gjfx6sVN24NtHVh4vPeGmXnrJ1IYdN0PpzQ3v7C4VF5eWV1b39isbG3fmjjVHJo8lrG+95kBKRQ0UaCE+0QDi3wJd37/stDvHkEbEasbzBLoROxBiZ7gDC3Vrey1pTUHrKvOaRvhCXNfaAypZgiDbqXq1txh0VngjUGVjKvR3XLW20HM0wgUcsmMaXlugp2caRRcwmClnRpIGO+zB2hZqFgEppMPzxjQA8sEtBdr+xTSIfu3I2eRMVnkW2fEMDTTWkH+p7VS7J11cqGSFEHx0aBeKinGtMiEBkIDR5lZwLgWdlfKQ6YZR5vcxJQkzIzgZuKQPDDFvpMct39iigC96bhmwe1RzTupHV8fV+sX4yjLZJfsk0PikVNSJ1ekQZqEk2fyQl7Jm/PufDpfzvfIWnLGPTtkopyfX3T1sRI=</latexit>

�n : birth rate
<latexit sha1_base64="nPpshhV9zMM2ofFX9bVLr9ugSRU=">AAACPXicbVFNSwMxEM3W72q11YvgJVgET2VXioon0YtHBfsBbSnZ7LQNzWaXZFYsS/01XvUv+Dv8Ad7Eq1eztQfbOhB4vDfDvHnxYykMuu67k1taXlldW9/Ib24VtneKpd26iRLNocYjGemmzwxIoaCGAiU0Yw0s9CU0/OF1pjceQBsRqXscxdAJWV+JnuAMLdUt7rfDpKsuaBvhEdMAGA6oZgjjbrHsVtxJ0UXgTUGZTOu2W3IK7SDiSQgKuWTGtDw3xk7KNAouYZxvJwZixoesDy0LFQvBdNLJCWN6ZJmA9iJtn0I6Yf9OpCw0ZhT6tjO0Hs28lpH/aa0Ee+edVKg4QVD8d1EvkRQjmuVBA6GBoxxZwLgW1ivlA6YZR5vazJZ4MDKCm5lD0sBkfmc5bv/DZAF683EtgvpJxTutVO+q5curaZTr5IAckmPikTNySW7ILakRTp7IM3khr86b8+F8Ol+/rTlnOrNHZsr5/gH4ZK9Y</latexit>

µn : death rate



BRANCHING PROCESSES

• Stochastic processes describing the reproductive dynamics of a population at 
the level of individual transitions

Each individual produces a random number of offspring



DISCRETE-TIME: GALTON-WATSON PROCESS

time is 
measured in 
generations

 represents 
the number of 
individuals in 
generation 

Xt

t

offspring distribution:
<latexit sha1_base64="wyk7Y1d2R3GXbyP1rfmw9ZFkAQ8="></latexit>

pn = P(Zi,t = n), n = 0, 1, 2, . . .

 number of offspring of individual  in generation Zi,t : i t



• Three properties define a Galton-Watson process:

✴ All individuals are of a single type with identical offspring distribution.

✴ Individuals reproduce independently of each other.

✴ The offspring distribution is the same in every generation.



• Numerical simulation of Galton-Watson processes:

1. Initialise the system with  at .Xt = x0 t = 0

2. Calculate offspring: Draw an independent random number for each individual 
present in generation , i.e., 

i
t

3. Next generation: Sum these random numbers to calculate the number of individuals 
in the next generation, i.e., :t + 1

<latexit sha1_base64="L6A4NfJLy4NFm3Vywgiu6Qt48tA="></latexit>

ri for i = 1, 2, . . . , Xt

<latexit sha1_base64="Qtvn8aePHhwc5E/P2yvkIgxrpgw="></latexit>

Xt+1 =
XtX

i=1

ri

4. Update time from  to .t t + 1

5. Go to 2.







CONTINUOUS-TIME

t

• Many phenomena happen in continuous time.

• Events do not occur at fixed time intervals.

• Simulations need to estimate the time of the next event, and which event 
will trigger.





• It is common to express the different events involved as chemical reactions:

 is the per-capita (per-cell, per-individual) rate of the reactionγi

• The total rate of the reaction (or propensity) is the sum of  over the population 
size of 

γi
X

 is the probability per unit time that any cell of type  undertakes the reactionai X

• The probability that the reaction occurs during the next  units of time is:Δt

<latexit sha1_base64="0UvtHRfe1PkD4yaRpgxO5slWqso="></latexit>

X
�i�! Y

<latexit sha1_base64="6aL66HU2BeuQhOtbCPvWoibOZNg=">AAACPnicbVHLSgMxFM34rNVqqytxEyyCqzIjRd0IRTcuK9gHtGXIZNI2NI8hyQjDUPwat/oL/oY/4E7cujTTzsK2HggczrmXe+9JEDGqjet+OGvrG5tb24Wd4u5eaf+gXDlsaxkrTFpYMqm6AdKEUUFahhpGupEiiAeMdILJXeZ3nojSVIpHk0RkwNFI0CHFyFjJLx8jn8Ib2B8hzjPax6E0UPhd6Jerbs2dAa4SLydVkKPpV5xSP5Q45kQYzJDWPc+NzCBFylDMyLTYjzWJEJ6gEelZKhAnepDObpjCM6uEcCiVfcLAmfq3I0Vc64QHtpIjM9bLXib+5/ViM7wepFREsSECzwcNYwaNhFkgMKSKYMMSSxBW1O4K8RgphI2NbWFKNE40xXrhkDTU2b6LGrYfoqc2QG85rlXSvqh5l7X6Q73auM2jLIATcArOgQeuQAPcgyZoAQyewQt4BW/Ou/PpfDnf89I1J+85Agtwfn4BZv6uag==</latexit>ai = �i · nX

<latexit sha1_base64="1yO/vXRUSyZ74rWYYZW1cgL4Fow=">AAACNXicbVHLSgMxFE3qq1arU126CRbBVZkRUTdCURcuK9gHtMOQyaRtaOZBcqdQhv6JW/0Fv8WFO3HrL5i2s7CtFwKHc+7lnnviJ1JosO0PXNjY3NreKe6W9vbLB4dW5ail41Qx3mSxjFXHp5pLEfEmCJC8kyhOQ1/ytj+6n+ntMVdaxNEzTBLuhnQQib5gFAzlWVaD3BLqCdJ74BIoAc+q2jV7XmQdODmoorwaXgWXe0HM0pBHwCTVuuvYCbgZVSCY5NNSL9U8oWxEB7xrYERDrt1sbn1KzgwTkH6szIuAzNm/ExkNtZ6EvukMKQz1qjYj/9O6KfRv3ExESQo8YotF/VQSiMksBxIIxRnIiQGUKWG8EjakijIwaS1tSYYTLZheOiQL9MzvMsfMP+ipCdBZjWsdtC5qzlXt8umyWr/LoyyiE3SKzpGDrlEdPaIGaiKGxugFvaI3/I4/8Rf+XrQWcD5zjJYK//wC3YKqqA==</latexit>

P = ai�t



TYPICAL EXAMPLES OF REACTIONS

• Birth events
<latexit sha1_base64="fMrH9YdL2dmFGLo51NxTTU4S3y8=">AAACPHicbVHLSsNAFJ34rNVqqwsXbgZLQRBKIkVdFt24rGDbQBvKZDJphk4ezEzUEPI1bvUX/A/37sStaydtFqb1woXDOXO5556xI0aF1PUPbW19Y3Nru7JT3d2r7R/UG4cDEcYckz4OWchNGwnCaED6kkpGzIgT5NuMDO3Zba4PHwkXNAweZBIRy0fTgLoUI6moSf3YhONnTqeeRJyHT6mdQROeQ3NSb+ptfV5wFRgFaIKiepOGVhs7IY59EkjMkBAjQ4+klSIuKWYkq45jQSKEZ2hKRgoGyCfCSucXZLClGAe6IVcdSDhn/06kyBci8ZW7lo+kJ5a1nPxPG8XSvbZSGkSxJAFeLHJjBmUI8zigQznBkiUKIMyp8gqxhzjCUoVW2hJ5iaBYlA5JHZH7LXNYfYfIVIDGclyrYHDRNi7bnftOs3tTRFkBJ+AUnAEDXIEuuAM90AcYZOAFvII37V371L6078XTNa2YOQKl0n5+Acehrig=</latexit>

X
b�! X +X

<latexit sha1_base64="T2U0xFXkgny7AjihpA5lmYDS/Cs=">AAACN3icbVHLSgMxFE3qq1arbV26CRbBVZkRUTdC0Y3LCvYB7TBkMpk2NJMZkow4DP0Vt/oLfoord+LWPzBtZ+G0XggczrmXe+6JF3OmtGV9wNLG5tb2Tnm3srdfPTis1Rs9FSWS0C6JeCQHHlaUM0G7mmlOB7GkOPQ47XvTu7nef6JSsUg86jSmTojHggWMYG0ot9bArodukIdGxI80Eu4AubWm1bIWhdaBnYMmyKvj1mF15EckCanQhGOlhrYVayfDUjPC6awyShSNMZniMR0aKHBIlZMtzM/QqWF8FETSPKHRgv07keFQqTT0TGeI9UStanPyP22Y6ODayZiIE00FWS4KEo50hOZJIJ9JSjRPDcBEMuMVkQmWmGiTV2FLPEkVI6pwSOarud8iR8xPqJkJ0F6Nax30zlv2Zevi4aLZvs2jLINjcALOgA2uQBvcgw7oAgKewQt4BW/wHX7CL/i9bC3BfOYIFAr+/AJGeqtY</latexit>

ab = b · nX

• Death events
<latexit sha1_base64="GwkMwB45IFpib+iMef75Te2/7Nk="></latexit>

X
d�! ;

<latexit sha1_base64="xuZtbsUG5C2ybxwcqEpDIAwqLGw=">AAACN3icbVHLSgMxFE3qq1arbV26CRbBVZkRUTdC0Y3LCvYB7TBkMpk2NJMZkow4DP0Vt/oLfoord+LWPzBtZ+G0XggczrmXe+6JF3OmtGV9wNLG5tb2Tnm3srdfPTis1Rs9FSWS0C6JeCQHHlaUM0G7mmlOB7GkOPQ47XvTu7nef6JSsUg86jSmTojHggWMYG0ot9bAro9ukI9GxI80Eu4AubWm1bIWhdaBnYMmyKvj1mF15EckCanQhGOlhrYVayfDUjPC6awyShSNMZniMR0aKHBIlZMtzM/QqWF8FETSPKHRgv07keFQqTT0TGeI9UStanPyP22Y6ODayZiIE00FWS4KEo50hOZJIJ9JSjRPDcBEMuMVkQmWmGiTV2FLPEkVI6pwSOarud8iR8xPqJkJ0F6Nax30zlv2Zevi4aLZvs2jLINjcALOgA2uQBvcgw7oAgKewQt4BW/wHX7CL/i9bC3BfOYIFAr+/AJNrqtc</latexit>

ad = d · nX

• Immigration
<latexit sha1_base64="RnXbVwY+UKZAYlCwjRy1Ejm/1Pw="></latexit>

; ⌫�! X
<latexit sha1_base64="Txry2zbWDKnnMmtV9GLmCCAZ3bw=">AAACLnicbVFNS8MwGE7m15xONz16CQ7B02hF1Isw9OJxgvuArow0TbewNC1JKpSyn+FV/4K/RvAgXv0ZplsPdvOBhIfnfV/eJ0+8mDOlLesTVjY2t7Z3qru1vf36wWGjedRXUSIJ7ZGIR3LoYUU5E7SnmeZ0GEuKQ4/TgTe7z+uDZyoVi8STTmPqhngiWMAI1kZy8HgkEnSLzD1utKy2tQBaJ3ZBWqBAd9yE9ZEfkSSkQhOOlXJsK9ZuhqVmhNN5bZQoGmMywxPqGCpwSJWbLTzP0ZlRfBRE0hyh0UL9O5HhUKk09ExniPVUrdZy8b+ak+jgxs2YiBNNBVkuChKOdITyAJDPJCWap4ZgIpnxisgUS0y0iam0JZ6mihFVekjmq9xvWSPmA9TcBGivxrVO+hdt+6p9+XjZ6twVUVbBCTgF58AG16ADHkAX9AABEXgBr+ANvsMP+AW/l60VWMwcgxLgzy94oqkQ</latexit>a⌫ = ⌫

<latexit sha1_base64="6FCMjn73JagBLzOs7DFrCVmFGZA=">AAACLHicbVBNS8NAEN3Ur1qttnr0EiyCp5KIqMeiF48V7Ie0oWy203bpbhJ2J0II/RVe9S/4a7yIePV3uGlzsK0PBh7vzTAzz48E1+g4n1ZhY3Nre6e4W9rbLx8cVqpHbR3GikGLhSJUXZ9qEDyAFnIU0I0UUOkL6PjTu8zvPIPSPAweMYnAk3Qc8BFnFI301AcZYaIBB5WaU3fmsNeJm5MaydEcVK1yfxiyWEKATFCte64ToZdShZwJmJX6sYaIsikdQ8/QgErQXjq/eGafGWVoj0JlKkB7rv6dSKnUOpG+6ZQUJ3rVy8T/vF6Moxsv5UEUIwRssWgUCxtDO3vfHnIFDEViCGWKm1ttNqGKMjQhLW2JJonmTC89kg51du+yxkz8emYCdFfjWifti7p7Vb98uKw1bvMoi+SEnJJz4pJr0iD3pElahBFJXsgrebPerQ/ry/petBasfOaYLMH6+QVbTKkY</latexit>

;



• Mutations

<latexit sha1_base64="m6Znl0gVrEh+MAQmPbZCcnCps1U=">AAACOnicbVHLSsNAFJ3UV61WW8WVm8EiuCqJFHVZdOOygn1IE8pkMmmGTh7MTNQQ8jFu9Rf8EbfuxK0f4KTNwrReGDiccy/33DN2xKiQuv6hVdbWNza3qtu1nd363n6jeTAQYcwx6eOQhXxkI0EYDUhfUsnIKOIE+TYjQ3t2k+vDR8IFDYN7mUTE8tE0oC7FSCpq0jgaQfOZ06knEefhU2r6cQYfJo2W3tbnBVeBUYAWKKo3aWp10wlx7JNAYoaEGBt6JK0UcUkxI1nNjAWJEJ6hKRkrGCCfCCud+8/gqWIc6IZcvUDCOft3IkW+EIlvq04fSU8sazn5nzaOpXtlpTSIYkkCvFjkxgzKEOZhQIdygiVLFECYU+UVYg9xhKWKrLQl8hJBsSgdkjoi91vmsPoMkakAjeW4VsHgvG1ctDt3nVb3uoiyCo7BCTgDBrgEXXALeqAPMEjBC3gFb9q79ql9ad+L1opWzByCUmk/v5u4ri4=</latexit>

X
µ�! Y

<latexit sha1_base64="Qpa6q+uTD3RAXDmiy2fZtCzAuag="></latexit>amut = nX · µ

<latexit sha1_base64="AnnVo/2xRelrGzf4aLkuTRlKu2k="></latexit>

X
b·µ��! X + Y

<latexit sha1_base64="pqXLndDRW69upLvmh3LyMMkQ4ns="></latexit>

amut = nX · b · µ

mutation through the offspring direct mutation



• Switching environments

<latexit sha1_base64="nW/lj0dfLRTJhGfbvRZLdtSBAT0="></latexit>

E1
����! E0

<latexit sha1_base64="0gohcJIxU7MR1tsJ2WvlsQoBsG0="></latexit>

E0
�+��! E1Environmental states  switch between them:Eσ

<latexit sha1_base64="ZaZRdNqMmDUo1l9bEv8mBM08huw="></latexit>

X
b��! X +X

<latexit sha1_base64="6g1nOVH1vIqxuyXbXxiRhi2grb4="></latexit>

X
d��! ;

Each environment  determines a birth rate  and a death rate :σ bσ dσ

Two environments:
<latexit sha1_base64="CJ55sK8nU07P1/W9JDB/+cvcrtA=">AAACK3icbVDLSgMxFE3qq1arrS7dBIvgqsyIqBuh6MZlBfuAdiiZTKYNTTJDkhGGoT/hVn/Br3GluPU/zLSzsK0HLhzOuZd77/FjzrRxnE9Y2tjc2t4p71b29qsHh7X6UVdHiSK0QyIeqb6PNeVM0o5hhtN+rCgWPqc9f3qf+71nqjSL5JNJY+oJPJYsZAQbK/WHmo0FvnVGtYbTdOZA68QtSAMUaI/qsDoMIpIIKg3hWOuB68TGy7AyjHA6qwwTTWNMpnhMB5ZKLKj2svnBM3RmlQCFkbIlDZqrfycyLLROhW87BTYTverl4n/eIDHhjZcxGSeGSrJYFCYcmQjl36OAKUoMTy3BRDF7KyITrDAxNqOlLfEk1YzopUeyQOf3LmvEpq9nNkB3Na510r1oulfNy8fLRuuuiLIMTsApOAcuuAYt8ADaoAMI4OAFvII3+A4/4Bf8XrSWYDFzDJYAf34Bd36oEQ==</latexit>

� = 0
<latexit sha1_base64="gEv+Ed5MIdgFe2bcd/guGniJ2uw=">AAACK3icbVDLSgMxFE3qq1arrS7dBIvgqsyIqBuh6MZlBfuAdiiZTKYNTTJDkhGGoT/hVn/Br3GluPU/zLSzsK0HLhzOuZd77/FjzrRxnE9Y2tjc2t4p71b29qsHh7X6UVdHiSK0QyIeqb6PNeVM0o5hhtN+rCgWPqc9f3qf+71nqjSL5JNJY+oJPJYsZAQbK/WHmo0FvnVHtYbTdOZA68QtSAMUaI/qsDoMIpIIKg3hWOuB68TGy7AyjHA6qwwTTWNMpnhMB5ZKLKj2svnBM3RmlQCFkbIlDZqrfycyLLROhW87BTYTverl4n/eIDHhjZcxGSeGSrJYFCYcmQjl36OAKUoMTy3BRDF7KyITrDAxNqOlLfEk1YzopUeyQOf3LmvEpq9nNkB3Na510r1oulfNy8fLRuuuiLIMTsApOAcuuAYt8ADaoAMI4OAFvII3+A4/4Bf8XrSWYDFzDJYAf34BeT6oEg==</latexit>

� = 1

Increasing switching rate

<latexit sha1_base64="CJ55sK8nU07P1/W9JDB/+cvcrtA=">AAACK3icbVDLSgMxFE3qq1arrS7dBIvgqsyIqBuh6MZlBfuAdiiZTKYNTTJDkhGGoT/hVn/Br3GluPU/zLSzsK0HLhzOuZd77/FjzrRxnE9Y2tjc2t4p71b29qsHh7X6UVdHiSK0QyIeqb6PNeVM0o5hhtN+rCgWPqc9f3qf+71nqjSL5JNJY+oJPJYsZAQbK/WHmo0FvnVGtYbTdOZA68QtSAMUaI/qsDoMIpIIKg3hWOuB68TGy7AyjHA6qwwTTWNMpnhMB5ZKLKj2svnBM3RmlQCFkbIlDZqrfycyLLROhW87BTYTverl4n/eIDHhjZcxGSeGSrJYFCYcmQjl36OAKUoMTy3BRDF7KyITrDAxNqOlLfEk1YzopUeyQOf3LmvEpq9nNkB3Na510r1oulfNy8fLRuuuiLIMTsApOAcuuAYt8ADaoAMI4OAFvII3+A4/4Bf8XrSWYDFzDJYAf34Bd36oEQ==</latexit>

� = 0
<latexit sha1_base64="gEv+Ed5MIdgFe2bcd/guGniJ2uw=">AAACK3icbVDLSgMxFE3qq1arrS7dBIvgqsyIqBuh6MZlBfuAdiiZTKYNTTJDkhGGoT/hVn/Br3GluPU/zLSzsK0HLhzOuZd77/FjzrRxnE9Y2tjc2t4p71b29qsHh7X6UVdHiSK0QyIeqb6PNeVM0o5hhtN+rCgWPqc9f3qf+71nqjSL5JNJY+oJPJYsZAQbK/WHmo0FvnVHtYbTdOZA68QtSAMUaI/qsDoMIpIIKg3hWOuB68TGy7AyjHA6qwwTTWNMpnhMB5ZKLKj2svnBM3RmlQCFkbIlDZqrfycyLLROhW87BTYTverl4n/eIDHhjZcxGSeGSrJYFCYcmQjl36OAKUoMTy3BRDF7KyITrDAxNqOlLfEk1YzopUeyQOf3LmvEpq9nNkB3Na510r1oulfNy8fLRuuuiLIMTsApOAcuuAYt8ADaoAMI4OAFvII3+A4/4Bf8XrSWYDFzDJYAf34BeT6oEg==</latexit>

� = 1



• Catastrophes

binomially distributed bottlenecks:
<latexit sha1_base64="eyCUgQjQyzzz+hGBTPraiqXNlDo="></latexit>

�(n) =

✓
n

m

◆
Dm(1�D)n�m

<latexit sha1_base64="rsifIISgtgUhrjPMN1TnSQOUgZs="></latexit>

n
�(n)���! m

population diluted by a factor :D
<latexit sha1_base64="moNJn2lLnm1nXo7dUA2FdN+QGhM=">AAACRXicbVHLSgNBEJz1/Tbq0ctgEDyFXRH1GNSDxwgmCkkIvbOTZHAey0yvGpZc/Rqv+gt+gx/hTbzqbMzBqAUDRVU33V0Tp1I4DMPXYGp6ZnZufmFxaXlldW29tLHZcCazjNeZkcZex+C4FJrXUaDk16nloGLJr+Kb08K/uuXWCaMvcZDytoKeFl3BAL3UKVFNW/dW9PoI1pq7vNUDpWBYyCwxSM86pXJYCUegf0k0JmUyRq2zEay2EsMyxTUyCc41ozDFdg4WBZN8uNTKHE+B3UCPNz3VoLhr56NThnTXKwntGuufRjpSf3bkoJwbqNhXKsC+++0V4n9eM8PucTsXOs2Qa/Y9qJtJioYWudBEWM5QDjwBZoXflbI+WGDo05uYkvYHTjA3cUieuGLfSY35f3FDH2D0O66/pLFfiQ4rBxcH5erJOMoFsk12yB6JyBGpknNSI3XCyAN5JE/kOXgJ3oL34OO7dCoY92yRCQSfX2AwsnI=</latexit>

n
��! n ·D



S

EXAMPLE 1: MUTATIONS

S

S S

A

A A
<latexit sha1_base64="6FCMjn73JagBLzOs7DFrCVmFGZA=">AAACLHicbVBNS8NAEN3Ur1qttnr0EiyCp5KIqMeiF48V7Ie0oWy203bpbhJ2J0II/RVe9S/4a7yIePV3uGlzsK0PBh7vzTAzz48E1+g4n1ZhY3Nre6e4W9rbLx8cVqpHbR3GikGLhSJUXZ9qEDyAFnIU0I0UUOkL6PjTu8zvPIPSPAweMYnAk3Qc8BFnFI301AcZYaIBB5WaU3fmsNeJm5MaydEcVK1yfxiyWEKATFCte64ToZdShZwJmJX6sYaIsikdQ8/QgErQXjq/eGafGWVoj0JlKkB7rv6dSKnUOpG+6ZQUJ3rVy8T/vF6Moxsv5UEUIwRssWgUCxtDO3vfHnIFDEViCGWKm1ttNqGKMjQhLW2JJonmTC89kg51du+yxkz8emYCdFfjWifti7p7Vb98uKw1bvMoi+SEnJJz4pJr0iD3pElahBFJXsgrebPerQ/ry/petBasfOaYLMH6+QVbTKkY</latexit>

; <latexit sha1_base64="6FCMjn73JagBLzOs7DFrCVmFGZA=">AAACLHicbVBNS8NAEN3Ur1qttnr0EiyCp5KIqMeiF48V7Ie0oWy203bpbhJ2J0II/RVe9S/4a7yIePV3uGlzsK0PBh7vzTAzz48E1+g4n1ZhY3Nre6e4W9rbLx8cVqpHbR3GikGLhSJUXZ9qEDyAFnIU0I0UUOkL6PjTu8zvPIPSPAweMYnAk3Qc8BFnFI301AcZYaIBB5WaU3fmsNeJm5MaydEcVK1yfxiyWEKATFCte64ToZdShZwJmJX6sYaIsikdQ8/QgErQXjq/eGafGWVoj0JlKkB7rv6dSKnUOpG+6ZQUJ3rVy8T/vF6Moxsv5UEUIwRssWgUCxtDO3vfHnIFDEViCGWKm1ttNqGKMjQhLW2JJonmTC89kg51du+yxkz8emYCdFfjWifti7p7Vb98uKw1bvMoi+SEnJJz4pJr0iD3pElahBFJXsgrebPerQ/ry/petBasfOaYLMH6+QVbTKkY</latexit>

;

<latexit sha1_base64="HQi0snIonWFchAGWp6+76nDnjFc="></latexit>

S
dS��! ;

<latexit sha1_base64="Gtz0B9lrY/uBBuk/4TPLV2+M1EQ="></latexit>

S
bS ·µA����! S +A

<latexit sha1_base64="Ht7NtOLYnl5qb2OrERSQ90zWymo="></latexit>

S
bS ·(1�µA)�������! S + S

<latexit sha1_base64="+ZFS3Tz/labD+YsQwcX0q+RtNzo="></latexit>

A
bA��! A+A

<latexit sha1_base64="SBNOKkRRMc6b9zFNZvkDObFHe6E="></latexit>

A
dA��! ;

birth-death process for :S

mutation:

birth-death process for :A



EXAMPLE 2: BRUSSELATOR

<latexit sha1_base64="WyQLBAkN23ntdO05w6gKDpKAC2s="></latexit>

; 1�! X
<latexit sha1_base64="liwppZDN10QA5L4eG4YeCYYWOZ4="></latexit>

X
1�! ;

<latexit sha1_base64="K9V+MWzRnwtXYgNFVVwFrU27HPI=">AAACOHicbVG9TsMwGHTKXykUWjqyWFSVmKoEIWCsYGEsEv1BbVQ5jtNYdZzIdoAo6rOwwivwJmxsiJUnwGkzkJaTLJ3u/Ok7n52IUalM88MobWxube+Udyt7+9WDw1r9qC/DWGDSwyELxdBBkjDKSU9RxcgwEgQFDiMDZ3aT+YNHIiQN+b1KImIHaMqpRzFSWprUGkM4fhZ06iskRPiUOnP4MKk1zba5AFwnVk6aIEd3UjeqYzfEcUC4wgxJObLMSNkpEopiRuaVcSxJhPAMTclIU44CIu10kX4OW1pxoRcKfbiCC/XvRIoCKZNAJ2sFSPly1cvE/7xRrLwrO6U8ihXheLnIixlUIcyqgC4VBCuWaIKwoDorxD4SCCtdWGFL5CeSYll4SOrKLG9Rw/or5FwXaK3WtU76Z23ron1+d97sXOdVlsExOAGnwAKXoANuQRf0AAYJeAGv4M14Nz6NL+N7ebVk5DMNUIDx8wu/+a0+</latexit>

X
b�! Y

<latexit sha1_base64="cgSRGyfnelvNLyIT7FvADTjlbds="></latexit>

2X + Y
1�! 3X
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WHICH QUANTITIES CAN WE ESTIMATE FROM NUMERICAL SIMULATIONS?



RELEVANT QUANTITIES

• Probability distribution function: probability of having  individuals at time n t

0 5 10 15 20 25 30
0.00
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t=0
t=5.5
t=9.8

<latexit sha1_base64="NlcuMvVghcemK0omwG2UfwbEGbk="></latexit>

pn(t) = P(X(t) = n)



• Expected value

• Variance

<latexit sha1_base64="oTDVBoL2csJzngZlVvWxZlfycWM="></latexit>

hXi =
1X

n=0

n · pn

<latexit sha1_base64="cm1pQjOvcxQZVLctCHhs/SDAJ1A="></latexit>

Var[X] =
⌦
X2

↵
� hXi2



• Extinction probability: probability of having zero individuals at time t

• Expected extinction time: expected time at which the population goes extinct

<latexit sha1_base64="FAB3Krr4V1ulUdX7SmSFIDHViM4="></latexit>

pext(t) = P(X(t) = 0)

• Ultimate extinction probability: probability of having zero individuals as time 
tends to infinity

<latexit sha1_base64="anlReiqEiqkvvuLVyDOBi5GK4y8="></latexit>

q = lim
t!1

pext(t)

<latexit sha1_base64="X9l0yWI0RQZnD/U9V3K2kZ+sU3k=">AAACPHicbVE9TwJBEN3DL0RR0MLC5iIxsSJ3hqgl0cYSE/lIuAvZWwbYsPeR3TkCudyvsdW/4P+wtzO21u4BhYCTTPLy3kxm5o0XCa7Qsj6M3Nb2zu5efr9wcFg8Oi6VT1oqjCWDJgtFKDseVSB4AE3kKKATSaC+J6DtjR8yvT0BqXgYPOMsAtenw4APOKOoqV7pzIFpNKEiwV7iIEwx0Zmmaa9UsarWPMxNYC9BhSyj0SsbRacfstiHAJmgSnVtK0I3oRI5E5AWnFhBRNmYDqGrYUB9UG4yvyA1LzXTNweh1BmgOWf/diTUV2rme7rSpzhS61pG/qd1YxzcuQkPohghYItBg1iYGJqZHWafS2AoZhpQJrne1WQjKilDbdrKlGg0U5yplUOSvsr2XeWYfofKDLTX7doEreuqfVOtPdUq9fullXlyTi7IFbHJLamTR9IgTcJISl7IK3kz3o1P48v4XpTmjGXPKVkJ4+cXNgOwFw==</latexit>

htexti



• Fixation probability: probability that a particular allele will eventually reach a 
frequency equal to 1

• Sojourn time: time the system spent in a particular space leaving it



WHY DO WE NEED TO RESORT TO STOCHASTIC SIMULATIONS?

• Analytical calculations may be hard

S

�S S

A

�

A A

B

�

B B

D

�D D
@tP (nS , nA, nB , nD, t) = bS(nS � 1)(1� µA � µB)P (nS � 1, nA, nB , nD, t)

+ [bSµAnS + bA(1� µB)(nA � 1)]P (nS , nA � 1, nB , nD, t)

+ [bSµBnS + bB(1� µA)(nB � 1)]P (nS , nA, nB � 1, nD, t)

+ [bAµBnA + bBµAnB + bD(nD � 1)]P (nS , nA, nB , nD � 1, t)

+ dS(nS + 1)P (nS + 1, nA, nB , nD, t) + dA(nA + 1)P (nS , nA + 1, nB , nD, t)

+ dB(nB + 1)P (nS , nA, nB + 1, nD, t) + dD(nD + 1)P (nS , nA, nB , nD + 1, t)

� [(bS(1� µA � µB) + dS)nS + (bA(1� µB) + dA)nA

+ (bB(1� µA) + dB)nB + (bD + dD)nD]P (nS , nA, nB , nD, t)



• Numerical simulations allow us to verify our theoretical predictions

• Stochastic simulations are, in general, easy to implement 

we can test the system dynamics before making hard calculations



RANDOM NUMBERS

• Relevant distributions: 

- Uniform distribution between 0 and 1

0

1
b−a

a b x

f (x)

<latexit sha1_base64="+FxJmrnZZWKOVvsr2Uxv/VpSk0s=">AAACMHicbVHLSsNAFJ3UV61WW126GSxCBSmJFHVZdOOygmkLbSiTyaQdOpPEmYkQQr/Drf6CX6MrcetXOGmzMK0XBg7n3Ms994wbMSqVaX4apY3Nre2d8m5lb796cFirH/VkGAtMbByyUAxcJAmjAbEVVYwMIkEQdxnpu7O7TO8/EyFpGDyqJCIOR5OA+hQjpSlnAEeScmg3zQvrfFxrmC1zUXAdWDlogLy647pRHXkhjjkJFGZIyqFlRspJkVAUMzKvjGJJIoRnaEKGGgaIE+mkC9dzeKYZD/qh0C9QcMH+nUgRlzLhru7kSE3lqpaR/2nDWPk3TkqDKFYkwMtFfsygCmEWAfSoIFixRAOEBdVeIZ4igbDSQRW2RNNEUiwLh6SezPwWOay/QM51gNZqXOugd9myrlrth3ajc5tHWQYn4BQ0gQWuQQfcgy6wAQZP4AW8gjfj3fgwvozvZWvJyGeOQaGMn19EeajZ</latexit>

X ⇠ U(0, 1)



- Poisson distribution

- Exponential distribution

<latexit sha1_base64="7EvClKsCzKkF25rUHSv48C7YZSU="></latexit>

px = P(X = x) = �e��x

<latexit sha1_base64="JVsRSJb6djKJtgth7zSEell9pO0="></latexit>

X ⇠ Exp(�)

<latexit sha1_base64="TPSeuMpJfyAVLpGYCIVlgQLWdfc="></latexit>

X ⇠ Poisson(�)
<latexit sha1_base64="llXkGplX51UMzWJ56FI930pSDuM="></latexit>

px = P(X = x) =
�xe��

x!



APPLICATIONS OF THE 
GILLESPIE ALGORITHM



DRUG RESISTANCE

SS

S S

A

A A
<latexit sha1_base64="6FCMjn73JagBLzOs7DFrCVmFGZA=">AAACLHicbVBNS8NAEN3Ur1qttnr0EiyCp5KIqMeiF48V7Ie0oWy203bpbhJ2J0II/RVe9S/4a7yIePV3uGlzsK0PBh7vzTAzz48E1+g4n1ZhY3Nre6e4W9rbLx8cVqpHbR3GikGLhSJUXZ9qEDyAFnIU0I0UUOkL6PjTu8zvPIPSPAweMYnAk3Qc8BFnFI301AcZYaIBB5WaU3fmsNeJm5MaydEcVK1yfxiyWEKATFCte64ToZdShZwJmJX6sYaIsikdQ8/QgErQXjq/eGafGWVoj0JlKkB7rv6dSKnUOpG+6ZQUJ3rVy8T/vF6Moxsv5UEUIwRssWgUCxtDO3vfHnIFDEViCGWKm1ttNqGKMjQhLW2JJonmTC89kg51du+yxkz8emYCdFfjWifti7p7Vb98uKw1bvMoi+SEnJJz4pJr0iD3pElahBFJXsgrebPerQ/ry/petBasfOaYLMH6+QVbTKkY</latexit>

; <latexit sha1_base64="6FCMjn73JagBLzOs7DFrCVmFGZA=">AAACLHicbVBNS8NAEN3Ur1qttnr0EiyCp5KIqMeiF48V7Ie0oWy203bpbhJ2J0II/RVe9S/4a7yIePV3uGlzsK0PBh7vzTAzz48E1+g4n1ZhY3Nre6e4W9rbLx8cVqpHbR3GikGLhSJUXZ9qEDyAFnIU0I0UUOkL6PjTu8zvPIPSPAweMYnAk3Qc8BFnFI301AcZYaIBB5WaU3fmsNeJm5MaydEcVK1yfxiyWEKATFCte64ToZdShZwJmJX6sYaIsikdQ8/QgErQXjq/eGafGWVoj0JlKkB7rv6dSKnUOpG+6ZQUJ3rVy8T/vF6Moxsv5UEUIwRssWgUCxtDO3vfHnIFDEViCGWKm1ttNqGKMjQhLW2JJonmTC89kg51du+yxkz8emYCdFfjWifti7p7Vb98uKw1bvMoi+SEnJJz4pJr0iD3pElahBFJXsgrebPerQ/ry/petBasfOaYLMH6+QVbTKkY</latexit>

;

<latexit sha1_base64="HQi0snIonWFchAGWp6+76nDnjFc="></latexit>

S
dS��! ;

<latexit sha1_base64="Gtz0B9lrY/uBBuk/4TPLV2+M1EQ="></latexit>

S
bS ·µA����! S +A

<latexit sha1_base64="Ht7NtOLYnl5qb2OrERSQ90zWymo="></latexit>

S
bS ·(1�µA)�������! S + S

<latexit sha1_base64="+ZFS3Tz/labD+YsQwcX0q+RtNzo="></latexit>

A
bA��! A+A

<latexit sha1_base64="SBNOKkRRMc6b9zFNZvkDObFHe6E="></latexit>

A
dA��! ;

• Consider a population with sensitive cells  and mutant cells . S A
• Each strain undertakes a birth-death process. Mutations occur through the 

offspring.



<latexit sha1_base64="eob1AsZXSJTGU5OtwqXuETRRaJ4="></latexit>

1. S
bS ·(1�µA)�������! S + S

<latexit sha1_base64="6lgqkqe3DRlNteTwSv2ZXqALCzc="></latexit>

2. S
dS��! ;

<latexit sha1_base64="7073iPxXZjchaT3UDyCtI/mfv58="></latexit>

3. S
bS ·µA����! S +A

<latexit sha1_base64="GqBqOr4DlPi7/OnAYbHSgy7y6r4="></latexit>

4. A
bA��! A+A

<latexit sha1_base64="WFgga07BCQYj/LOyQV7Y2RB7Dvc="></latexit>

5. A
dA��! ;

<latexit sha1_base64="C5f3CxP+yq5lKGWXuUQXxAYoj3k="></latexit>

a1 = nS · bS · (1� µA)

<latexit sha1_base64="qwQv2JkXz2LJzRHang4JYjOmvgA=">AAACOHicbVHLSsNAFJ34rNVqa5duBovgqiSlqBuh6MZlpfYBbQiTyaQdOpmEmYkQQr/Frf6Cf+LOnbj1C5y0WZjWCwOHc+7lnnvGjRiVyjQ/jK3tnd29/dJB+fCocnxSrZ0OZBgLTPo4ZKEYuUgSRjnpK6oYGUWCoMBlZOjO7zN9+EyEpCF/UklE7ABNOfUpRkpTTrWOnBa8hdzpwQn2QgU9p+dUG2bTXBbcBFYOGiCvrlMzKhMvxHFAuMIMSTm2zEjZKRKKYkYW5UksSYTwHE3JWEOOAiLtdOl+AS8040E/FPpxBZfs34kUBVImgas7A6Rmcl3LyP+0caz8GzulPIoV4Xi1yI8ZVCHMooAeFQQrlmiAsKDaK8QzJBBWOrDClmiWSIpl4ZDUk5nfIof1V8iFDtBaj2sTDFpN66rZfmw3Ond5lCVwBs7BJbDANeiAB9AFfYBBAl7AK3gz3o1P48v4XrVuGflMHRTK+PkFFY+rwQ==</latexit>

a2 = nS · dS

<latexit sha1_base64="4lGDeywBshhuIUA2inGeFmWa1eg="></latexit>

a3 = nS · bS · µA

<latexit sha1_base64="BZm/o8AE0vjq4ugeuTfbiXuPqys=">AAACOHicbVHLSsNAFJ3UV61WW7t0M1gEVyWRom6EVjcuK9gHtCFMJpN26GQSZiZCCP0Wt/oL/ok7d+LWL3DSZmFaLwwczrmXe+4ZN2JUKtP8MEpb2zu7e+X9ysFh9ei4Vj8ZyDAWmPRxyEIxcpEkjHLSV1QxMooEQYHLyNCd32f68JkISUP+pJKI2AGacupTjJSmnFoDOW14C7nThRPshQq6TtepNc2WuSy4CawcNEFePaduVCdeiOOAcIUZknJsmZGyUyQUxYwsKpNYkgjhOZqSsYYcBUTa6dL9Ap5rxoN+KPTjCi7ZvxMpCqRMAld3BkjN5LqWkf9p41j5N3ZKeRQrwvFqkR8zqEKYRQE9KghWLNEAYUG1V4hnSCCsdGCFLdEskRTLwiGpJzO/RQ7rr5ALHaC1HtcmGFy2rKtW+7Hd7NzlUZbBKTgDF8AC16ADHkAP9AEGCXgBr+DNeDc+jS/je9VaMvKZBiiU8fML1eirnQ==</latexit>

a4 = nA · bA

<latexit sha1_base64="SO2OINSf0IrftAUkAm6jbpXgwaQ=">AAACOHicbVHLSsNAFJ3UV61WW7t0M1gEVyURXxuh1Y3LCvYBbQiTyaQdOpmEmYkQQr/Frf6Cf+LOnbj1C5y0WZjWCwOHc+7lnnvGjRiVyjQ/jNLG5tb2Tnm3srdfPTis1Y/6MowFJj0cslAMXSQJo5z0FFWMDCNBUOAyMnBn95k+eCZC0pA/qSQidoAmnPoUI6Upp9ZAziW8hdzpwDH2QgU9p+PUmmbLXBRcB1YOmiCvrlM3qmMvxHFAuMIMSTmyzEjZKRKKYkbmlXEsSYTwDE3ISEOOAiLtdOF+Dk8140E/FPpxBRfs34kUBVImgas7A6SmclXLyP+0Uaz8GzulPIoV4Xi5yI8ZVCHMooAeFQQrlmiAsKDaK8RTJBBWOrDClmiaSIpl4ZDUk5nfIof1V8i5DtBajWsd9M9b1lXr4vGi2b7LoyyDY3ACzoAFrkEbPIAu6AEMEvACXsGb8W58Gl/G97K1ZOQzDVAo4+cX2zyroA==</latexit>

a5 = nA · dA

reactions propensities



1. Initialise the system with  and  at time .nS = n0 nA = 0 t = 0

2. Update every propensity  and the sum .ai a0 =
5

∑
i=1

ai

• Simulation using the Gillespie algorithm:

3. Draw a random number . Update time to .τ ∼ Exp(a0) t + τ

4. Draw a random number  and execute reaction  with probability .r ∼ U(0,1) i
ai

a0

5. Go to 2.



• How to choose the next reaction that triggers?

4. Draw a random number  and execute reaction  with probability .r ∼ U(0,1) i
ai

a0

- If  : execute reaction 10 ≤ r <
a1

a0

- If  : execute reaction 2
a1

a0
≤ r <

a1 + a2

a0

- If  : execute reaction 3
a1 + a2

a0
≤ r <

a1 + a2 + a3

a0

- If  : execute reaction 4
a1 + a2 + a3

a0
≤ r <

a1 + a2 + a3 + a4

a0

- If  : execute reaction 5
a1 + a2 + a3 + a4

a0
≤ r ≤ 1

<latexit sha1_base64="4Jn23owvjX4XUbipMiwfwcaJo9w=">AAACPHicbVFNS8NAEN3Ur1qttnrw4GWxCIJQEinqsejFY0X7AW0Im822XbrZhN2NEkJ+jVf9C/4P797Eq2c3bQ6mdWDhzXszzMxbN2RUKtP8MEpr6xubW+Xtys5udW+/Vj/oySASmHRxwAIxcJEkjHLSVVQxMggFQb7LSN+d3WZ6/4kISQP+qOKQ2D6acDqmGClNObUj7jzAkaCTqUJCBM8wy8+h5dQaZtOcB1wFVg4aII+OUzeqIy/AkU+4wgxJObTMUNkJEopiRtLKKJIkRHiGJmSoIUc+kXYyvyCFp5rx4DgQ+nEF5+zfjgT5Usa+qyt9pKZyWcvI/7RhpMbXdkJ5GCnC8WLQOGJQBTCzA3pUEKxYrAHCgupdIZ4igbDSphWmhNNYUiwLhySezPYtclh/h0y1gdayXaugd9G0Lput+1ajfZNbWQbH4AScAQtcgTa4Ax3QBRik4AW8gjfj3fg0vozvRWnJyHsOQSGMn18NCq2/</latexit>

nS ! nS + 1

<latexit sha1_base64="bVU2Q2zm/lyFoe1JTt0uiiR3gt0=">AAACPHicbVE9T8MwEHXKVykUWhgYWCwqJBaqBFXAWMHCWAT9kNoochy3teo4ke2Aoii/hhX+Av+DnQ2xMuO0GUjLSZbevXenu3t2Q0alMs0Po7S2vrG5Vd6u7OxW9/Zr9YOeDCKBSRcHLBADF0nCKCddRRUjg1AQ5LuM9N3Zbab3n4iQNOCPKg6J7aMJp2OKkdKUUzvizgMcCTqZKiRE8Ayz/BxaTq1hNs15wFVg5aAB8ug4daM68gIc+YQrzJCUQ8sMlZ0goShmJK2MIklChGdoQoYacuQTaSfzC1J4qhkPjgOhH1dwzv7tSJAvZey7utJHaiqXtYz8TxtGanxtJ5SHkSIcLwaNIwZVADM7oEcFwYrFGiAsqN4V4ikSCCttWmFKOI0lxbJwSOLJbN8ih/V3yFQbaC3btQp6F03rstm6bzXaN7mVZXAMTsAZsMAVaIM70AFdgEEKXsAreDPejU/jy/helJaMvOcQFML4+QUQjq3B</latexit>

nS ! nS � 1

<latexit sha1_base64="uvLPNQrSmWi8m56zZ7NOCn+BMCw=">AAACPHicbVE9T8MwELXLVykUWhgYWCwqJBaqBFXAWGBhLBL9kNoochy3teo4ke2Aoii/hhX+Av+DnQ2xMuO0HWjLSZbevXenu3v2Is6UtqwPWFhb39jcKm6XdnbLe/uV6kFHhbEktE1CHsqehxXlTNC2ZprTXiQpDjxOu97kLte7T1QqFopHnUTUCfBIsCEjWBvKrRwJ9wYNJBuNNZYyfEZ5fo5st1Kz6tY00Cqw56AG5tFyq7A88EMSB1RowrFSfduKtJNiqRnhNCsNYkUjTCZ4RPsGChxQ5aTTCzJ0ahgfDUNpntBoyv7tSHGgVBJ4pjLAeqyWtZz8T+vHenjtpExEsaaCzAYNY450iHI7kM8kJZonBmAimdkVkTGWmGhj2sKUaJwoRtTCIamv8n0XOWK+Q2XGQHvZrlXQuajbl/XGQ6PWvJ1bWQTH4AScARtcgSa4By3QBgRk4AW8gjf4Dj/hF/yelRbgvOcQLAT8+QXPz62d</latexit>

nA ! nA � 1

<latexit sha1_base64="ApptJdTzP9yD9IsnfLxzWFOOcMg=">AAACPHicbVFNSwMxEE3qV61WWz148BIsgiCUXSnqserFYwX7Ae2yZLNpG5rNLklWWZb9NV71L/g/vHsTr57Ntj3Y1oHAm/dmmJkXL+JMacv6gIW19Y3NreJ2aWe3vLdfqR50VBhLQtsk5KHseVhRzgRta6Y57UWS4sDjtOtN7nK9+0SlYqF41ElEnQCPBBsygrWh3MqRcG/QQLLRWGMpw2eU5+fIdis1q25NA60Cew5qYB4ttwrLAz8kcUCFJhwr1betSDsplpoRTrPSIFY0wmSCR7RvoMABVU46vSBDp4bx0TCU5gmNpuzfjhQHSiWBZyoDrMdqWcvJ/7R+rIfXTspEFGsqyGzQMOZIhyi3A/lMUqJ5YgAmkpldERljiYk2pi1MicaJYkQtHJL6Kt93kSPmO1RmDLSX7VoFnYu6fVlvPDRqzdu5lUVwDE7AGbDBFWiCe9ACbUBABl7AK3iD7/ATfsHvWWkBznsOwULAn1/MS62b</latexit>

nA ! nA + 1

<latexit sha1_base64="ApptJdTzP9yD9IsnfLxzWFOOcMg=">AAACPHicbVFNSwMxEE3qV61WWz148BIsgiCUXSnqserFYwX7Ae2yZLNpG5rNLklWWZb9NV71L/g/vHsTr57Ntj3Y1oHAm/dmmJkXL+JMacv6gIW19Y3NreJ2aWe3vLdfqR50VBhLQtsk5KHseVhRzgRta6Y57UWS4sDjtOtN7nK9+0SlYqF41ElEnQCPBBsygrWh3MqRcG/QQLLRWGMpw2eU5+fIdis1q25NA60Cew5qYB4ttwrLAz8kcUCFJhwr1betSDsplpoRTrPSIFY0wmSCR7RvoMABVU46vSBDp4bx0TCU5gmNpuzfjhQHSiWBZyoDrMdqWcvJ/7R+rIfXTspEFGsqyGzQMOZIhyi3A/lMUqJ5YgAmkpldERljiYk2pi1MicaJYkQtHJL6Kt93kSPmO1RmDLSX7VoFnYu6fVlvPDRqzdu5lUVwDE7AGbDBFWiCe9ACbUBABl7AK3iD7/ATfsHvWWkBznsOwULAn1/MS62b</latexit>

nA ! nA + 1



<latexit sha1_base64="gknV++ymAZ4A0JilawRjXptawVM="></latexit>

bS = 1.0

dS = 0.1

bA = 1.5

dA = 0.1

µA = 10�3

n0 = 100



BIRTH-DEATH PROCESS + SWITCHING ENVIRONMENT

• Consider a population undertaking a birth-death process.

• Consider an external switching environment  of two states  and . 
The environments switch at rates  and 

Eσ σ = 0 σ = 1
λ+ λ−

• Birth and death rates depend on the current environment:  and .bσ dσ

<latexit sha1_base64="nW/lj0dfLRTJhGfbvRZLdtSBAT0="></latexit>

E1
����! E0

<latexit sha1_base64="0gohcJIxU7MR1tsJ2WvlsQoBsG0="></latexit>

E0
�+��! E1



• Let us assume  and  so that  and b0 > b1 d0 = d1 b0 − d0 > 0 b1 − d1 < 0

• How can we simulate this system using the Gillespie algorithm?



reactions propensities
<latexit sha1_base64="4siSGkEo/tJq4Pqsx5HS2QI2JkQ="></latexit>

1. X
b0�! X +X

<latexit sha1_base64="htuGG4fbPQcx0w2Dt6z0hsQy+Xk="></latexit>

2. X
d0�! ;

<latexit sha1_base64="EuZpvbXknG3FOP34oVXYS7VYbE8="></latexit>

3. E0
�+��! E1

<latexit sha1_base64="GmebVX/etxla1B3EfCtloYqoVAU="></latexit>

4. X
b1�! X +X

<latexit sha1_base64="FX2EinEePBsfTWoyvOQ9wNayjUQ="></latexit>

5. X
d1�! ;

<latexit sha1_base64="O3B5logn5IN68qHCSPNpbAA03QQ="></latexit>

6. E1
����! E0

if :σ = 0

if :σ = 1

<latexit sha1_base64="fEvWidg8YeYzpoYBeYYy3vhxt4M=">AAACOHicbVHLSgMxFM3UV61WW7t0EyyCqzIjRd0IRTcuK9gHtMOQyWTa0EwyJBlhGPotbvUX/BN37sStX2CmnYVtvRA4nHMv99wTP2ZUadv+sEpb2zu7e+X9ysFh9ei4Vj/pK5FITHpYMCGHPlKEUU56mmpGhrEkKPIZGfiz+1wfPBOpqOBPOo2JG6EJpyHFSBvKqzWQ58BbyL0hHONAaOh7tldr2i17UXATOAVogqK6Xt2qjgOBk4hwjRlSauTYsXYzJDXFjMwr40SRGOEZmpCRgRxFRLnZwv0cnhsmgKGQ5nENF+zfiQxFSqWRbzojpKdqXcvJ/7RRosMbN6M8TjTheLkoTBjUAuZRwIBKgjVLDUBYUuMV4imSCGsT2MqWeJoqitXKIVmgcr+rHDZfoeYmQGc9rk3Qv2w5V632Y7vZuSuiLINTcAYugAOuQQc8gC7oAQxS8AJewZv1bn1aX9b3srVkFTMNsFLWzy/b3qug</latexit>

a1 = nX · b0

<latexit sha1_base64="9OC8EcxLz9e1ds9no5bIRd2byBA=">AAACOHicbVHLSgMxFE181mq1tUs3wSK4KjOlqBuh6MZlBfuAdhgymbQNzWSGJCMMQ7/Frf6Cf+LOnbj1C8y0s3BaLwQO59zLPffEizhT2rI+4Nb2zu7efumgfHhUOT6p1k77KowloT0S8lAOPawoZ4L2NNOcDiNJceBxOvDm95k+eKZSsVA86SSiToCngk0YwdpQbrWO3Ra6RcIdojHxQ41813KrDatpLQttAjsHDZBX163BytgPSRxQoQnHSo1sK9JOiqVmhNNFeRwrGmEyx1M6MlDggConXbpfoAvD+GgSSvOERkv270SKA6WSwDOdAdYzta5l5H/aKNaTGydlIoo1FWS1aBJzpEOURYF8JinRPDEAE8mMV0RmWGKiTWCFLdEsUYyowiGprzK/RY6Yr1ALE6C9Htcm6Lea9lWz/dhudO7yKEvgDJyDS2CDa9ABD6ALeoCABLyAV/AG3+En/ILfq9YtmM/UQaHgzy/hMquj</latexit>

a2 = nX · d0

<latexit sha1_base64="o/Zay6H53ouL1ehmoKHtLBY+g3o=">AAACNHicbVHLSsNAFJ3UV63Wtrp0M1gEQSiJFnUjFN24rGAf0IYwmUzaoZNJmJkIIfRL3Oov+C+CO3HrNzhpszCtBwYO597DvfeMGzEqlWl+GKWNza3tnfJuZW+/elCrNw77MowFJj0cslAMXSQJo5z0FFWMDCNBUOAyMnBn91l98EyEpCF/UklE7ABNOPUpRkpLTr2GnEt4C8dMWzzknDv1ptkyF4DrxMpJE+ToOg2jOvZCHAeEK8yQlCPLjJSdIqEoZmReGceSRAjP0ISMNOUoINJOF5vP4alWPOiHQj+u4EL960hRIGUSuLozQGoqV2uZ+F9tFCv/xk4pj2JFOF4O8mMGVQizGKBHBcGKJZogLKjeFeIpEggrHVZhSjRNJMWycEjqyWzfoob1N8i5DtBajWud9C9a1lWr/dhudu7yKMvgGJyAM2CBa9ABD6ALegCDGLyAV/BmvBufxpfxvWwtGbnnCBRg/PwCUkCqZQ==</latexit>

a3 = �+

<latexit sha1_base64="0joALNAYvfzX0iO5TN88WvxJyjA=">AAACOHicbVHLSgMxFM3UV61WW7t0EyyCqzIjRd0IRTcuK9gHtMOQyWTa0EwyJBlhGPotbvUX/BN37sStX2CmnYVtvRA4nHMv99wTP2ZUadv+sEpb2zu7e+X9ysFh9ei4Vj/pK5FITHpYMCGHPlKEUU56mmpGhrEkKPIZGfiz+1wfPBOpqOBPOo2JG6EJpyHFSBvKqzWQ14a3kHtDOMaB0ND3HK/WtFv2ouAmcArQBEV1vbpVHQcCJxHhGjOk1MixY+1mSGqKGZlXxokiMcIzNCEjAzmKiHKzhfs5PDdMAEMhzeMaLti/ExmKlEoj33RGSE/VupaT/2mjRIc3bkZ5nGjC8XJRmDCoBcyjgAGVBGuWGoCwpMYrxFMkEdYmsJUt8TRVFKuVQ7JA5X5XOWy+Qs1NgM56XJugf9lyrlrtx3azc1dEWQan4AxcAAdcgw54AF3QAxik4AW8gjfr3fq0vqzvZWvJKmYaYKWsn1/jDquk</latexit>

a4 = nX · b1

<latexit sha1_base64="zq+4GthRxKSy81z9DFSIh8Qkn2k=">AAACOHicbVHLSgMxFM3UV61WW7t0EyyCqzIjvjZC0Y3LCvYB7TBkMpk2NJMMSUYYhn6LW/0F/8SdO3HrF5hpZ2FbLwQO59zLPffEjxlV2rY/rNLG5tb2Tnm3srdfPTis1Y96SiQSky4WTMiBjxRhlJOuppqRQSwJinxG+v70Ptf7z0QqKviTTmPiRmjMaUgx0obyag3kXcJbyL0BHOFAaBh4jldr2i17XnAdOAVogqI6Xt2qjgKBk4hwjRlSaujYsXYzJDXFjMwqo0SRGOEpGpOhgRxFRLnZ3P0MnhomgKGQ5nEN5+zfiQxFSqWRbzojpCdqVcvJ/7RhosMbN6M8TjTheLEoTBjUAuZRwIBKgjVLDUBYUuMV4gmSCGsT2NKWeJIqitXSIVmgcr/LHDZfoWYmQGc1rnXQO285V62Lx4tm+66IsgyOwQk4Aw64Bm3wADqgCzBIwQt4BW/Wu/VpfVnfi9aSVcw0wFJZP7/oYqun</latexit>

a5 = nX · d1

<latexit sha1_base64="TOSqQpyIp0+KCPVtVbpOLk6XIss=">AAACNHicbVHLSgMxFE3qq1ZrW126CRbBjWVGSnUjFN24rGAf0A5DJpNpQzMPkowwDP0St/oL/ovgTtz6DWbaWTitBwKHc+/h3nviRJxJZRgfsLS1vbO7V96vHBxWj2r1xvFAhrEgtE9CHoqRgyXlLKB9xRSno0hQ7DucDp35fVYfPlMhWRg8qSSilo+nAfMYwUpLdr2G7Q66RROuLS62L+1602gZS6BNYuakCXL07AasTtyQxD4NFOFYyrFpRMpKsVCMcLqoTGJJI0zmeErHmgbYp9JKl5sv0LlWXOSFQr9AoaX615FiX8rEd3Snj9VMrtcy8b/aOFbejZWyIIoVDchqkBdzpEKUxYBcJihRPNEEE8H0rojMsMBE6bAKU6JZIhmRhUNSV2b7FjWiv0EudIDmelybZHDVMjut9mO72b3LoyyDU3AGLoAJrkEXPIAe6AMCYvACXsEbfIef8At+r1pLMPecgALgzy9bJKpq</latexit>

a6 = ��



1. Initialise the system with  and  at time .nX = n0 σ = 0 t = 0

2. If , update propensities  for  and the sum .σ = 0 ai i = 1,2,3 a0 =
3

∑
i=1

ai

• Simulation using the Gillespie algorithm:

Draw a random number . Update time to .τ ∼ Exp(a0) t + τ

Draw a random number  and execute reaction  with probability  

for .

r ∼ U(0,1) i
ai

a0
i = 1,2,3



If , update propensities  for  and the sum .σ = 1 ai i = 4,5,6 a0 =
6

∑
i=4

ai

Draw a random number . Update time to .τ ∼ Exp(a0) t + τ

Draw a random number  and execute reaction  with probability  

for .

r ∼ U(0,1) i
ai

a0
i = 4,5,6

3. Go to 2.



Increasing switching rate

<latexit sha1_base64="CJ55sK8nU07P1/W9JDB/+cvcrtA=">AAACK3icbVDLSgMxFE3qq1arrS7dBIvgqsyIqBuh6MZlBfuAdiiZTKYNTTJDkhGGoT/hVn/Br3GluPU/zLSzsK0HLhzOuZd77/FjzrRxnE9Y2tjc2t4p71b29qsHh7X6UVdHiSK0QyIeqb6PNeVM0o5hhtN+rCgWPqc9f3qf+71nqjSL5JNJY+oJPJYsZAQbK/WHmo0FvnVGtYbTdOZA68QtSAMUaI/qsDoMIpIIKg3hWOuB68TGy7AyjHA6qwwTTWNMpnhMB5ZKLKj2svnBM3RmlQCFkbIlDZqrfycyLLROhW87BTYTverl4n/eIDHhjZcxGSeGSrJYFCYcmQjl36OAKUoMTy3BRDF7KyITrDAxNqOlLfEk1YzopUeyQOf3LmvEpq9nNkB3Na510r1oulfNy8fLRuuuiLIMTsApOAcuuAYt8ADaoAMI4OAFvII3+A4/4Bf8XrSWYDFzDJYAf34Bd36oEQ==</latexit>

� = 0
<latexit sha1_base64="gEv+Ed5MIdgFe2bcd/guGniJ2uw=">AAACK3icbVDLSgMxFE3qq1arrS7dBIvgqsyIqBuh6MZlBfuAdiiZTKYNTTJDkhGGoT/hVn/Br3GluPU/zLSzsK0HLhzOuZd77/FjzrRxnE9Y2tjc2t4p71b29qsHh7X6UVdHiSK0QyIeqb6PNeVM0o5hhtN+rCgWPqc9f3qf+71nqjSL5JNJY+oJPJYsZAQbK/WHmo0FvnVHtYbTdOZA68QtSAMUaI/qsDoMIpIIKg3hWOuB68TGy7AyjHA6qwwTTWNMpnhMB5ZKLKj2svnBM3RmlQCFkbIlDZqrfycyLLROhW87BTYTverl4n/eIDHhjZcxGSeGSrJYFCYcmQjl36OAKUoMTy3BRDF7KyITrDAxNqOlLfEk1YzopUeyQOf3LmvEpq9nNkB3Na510r1oulfNy8fLRuuuiLIMTsApOAcuuAYt8ADaoAMI4OAFvII3+A4/4Bf8XrSWYDFzDJYAf34BeT6oEg==</latexit>

� = 1

<latexit sha1_base64="eff9uIUFTWLbH7aqPTgVph0kGQw="></latexit>

b0 = 0.3

d0 = 0.1

b1 = 0.1

d1 = 0.2

n0 = 10

same switching rate for both environments: λ− = λ+


